In this paper, we identify the change in the boundary full modular hamiltonians with the bulk observables for spherically symmetric excitations. The identification is demonstrated for perturbative as well as non perturbative excitations. We introduce the notion of the sphere of ignorance, that describes the bulk region that can not be probed by boundary regions below a certain size. It is argued that the vacuum subtracted entropy in the bulk associated with the sphere of ignorance is bounded by the difference of the change of entanglement entropies for complementary regions in the boundary for spherically symmetric state. Bekenstein bound for the sphere of ignorance reflects itself in the boundary theory as the positivity and monotonicity of the relative entropy of the complementary boundary balls. We compare the proposed bound with Araki-Lieb bound and identify the non-trivial domains where Bekenstein limit sets the lower bound. Moreover, we clarify throughout the paper fundamental differences between pure state and thermal excitations from an information theoretic point.
Introduction
Bekenstein bound [1] is the universal upper bound on the entropy S or information that can be contained in a physical system or object with given size and total energy. If R is the radius of a sphere that encloses a given system, while E is its total energy including any rest masses, then its entropy is bounded by,
where λ is a numerical constant of order one. Although the derivation of the bound uses generalized second law around black holes [2] , the bound seems to be independent of the gravitational physics. This fact manifests itself in G N independence of the bound. Moreover the size of the box R is the geodesic distance in flat space. These observations indicate that the Bekenstein bound is valid in flat space hence can be derived via information theoretic inequalities in QFTs. In [3] the bound is derived by employing positivity of relative entropy for certain class of excited states with respect to vacuum. The derivation exploits the local expressions of modular Hamiltonians of certain spatial sections of vacuum density matrices. On the other hand, the Bekenstein bound manifests itself also on the systems having strong self gravitation. It is a well known fact that the bound is saturated for the Schwarzschild black hole. In other words the Bekenstein bound is saturated when Schwarzschild energy is put into a box of Schwarzschild radius. This is a strong indication that the bound preserves its validity beyond the weak self gravitating systems and hence should have a formulation for systems having backreactions. One difficulty that is encountered when the system has back-reaction on the spacetime, we don't have at hand a natural definition of the size of the box. For example, in the case of a Schwarzschild black hole the radius of the box is not geodesic distance but the radial coordinate corresponding the black hole horizon. Because of the above observations, natural questions arise. How to define the radius of the box R in the presence of back reaction? What is the energy of the system E for a strong self gravitating system or in a setup that allows backreaction? Let us emphasize that for a black hole, size of the box R is the coordinate radius and energy of the system is the ADM mass of the solution which includes the binding energy of the entire solution. In a way, size of the box is determined with respect to the vacuum solution. Vacuum solution provides a reference grid where excited system can be compared to. Our main goal is to identify the boundary information theoretic observables corresponding the Bekenstein bound in the bulk including systems having non perturbative backreactions on the spacetime metric, such as black holes. We will study the problem using AdS/CFT [4, 5, 6] and find the corresponding information theoretic inequality on the CFT that describes the bound in the bulk. We will give the formulation of Bekenstein bound in the bulk for certain class of excitations on asymptotically AdS d+1 through the information inequalities in the dual CFT.
Before giving the formulation of the Bekenstein bound in the bulk via the underlying theory, we will clarify issues regarding the first law of entanglement entropy on a simple exercise involving conical defects. This will be a simple demonstration on how quantities involved in the first law type relations in CFT are identified with the quantities in spacetime. In this identification local expressions for modular hamiltonians [7] and RyuTakayanagi formula [8, 9, 10] play the central role. The so called first law of entanglement due to presence of conical defects provides us a puzzle which we address in the third section. The solution of this puzzle will also clarify the differences between pure state and thermal (in general mixed state) perturbations when first law of entanglement is considered. The complete knowledge of the pure state puts strong constraints on the expectation value of local stress energy on the dual CFT. Such constraints do not exists for mixed state perturbations as we will demonstrate.
In the forth section we have exercised the initial conical defect setup using the fundamental expression of covariant phase space formulation [11] of the first law of black hole thermodynamics. The formulation is valid for perturbative excitations 1 and conical defect solutions can be studied in this regime. In this formulation, origin of the differences between the relative entropies of the complementary regions will be clear. Due to the pure state nature of the conical defect perturbation, one can reduce the differences between relative entropies of the complementary spherical regions ({A,Ā}) on the boundary into differences of modular hamiltonians. Moreover the differences in modular energies, ∆HĀ − ∆H A can be identified with the bulk modular hamiltonian in the perturbative regime. Using the boundary expression of differences between modular energies of the complementary spatial sections we extend the notion of bulk modular energy of a spherical region around the 'origin' to non perturbative excitations. The result of the calculation of the vacuum subtracted full modular hamiltonian for excited states are very elegant and does not depend on the dimension of the spacetime. Here we introduce the notion of sphere of ignorance which is the bulk region that is not accessible from any boundary interval having size below a certain length scale. In other words an observer having access to the region A in the underlying theory can not decode anything in the bulk beyond the bulk sphere < R scale . The essential relation we derive is that the modular energy contribution of the bulk excitation depends linearly to the scale of the system that contains it. This is closely related with UV-IR correspondence in AdS/CFT, and will be explained in more detail throughout the paper. The full modular hamiltonian-which we also named as bulk modular energy inside the sphere of ignorance-for spherical excitation is given by 1 Along the paper, perturbation is considered for two cases. It is either indicating a perturbation on the underlying state, i.e. deformation of the state into a nearby one in the Hilbert space or the metric field is perturbed by a δg. As it will be shown these two cases do not have to match at every order of perturbation.
Figure 1: Blue sphere denotes the region that observers who have access to the boundary region of size(A) are blind to. Radius of the sphere, R scale , is the deepest point that can be decoded by accessing A. In a spherically symmetric state, sub-states having support on the region of same size, have the same change in information content, hence the only region that can not be decoded by the observer A is the blue sphere which is referred as the sphere of ignorance along the paper.
∆HĀ −A = 2πR scale ∆M ADM .
( 1.2)
The definition of full modular hamiltonian isĤĀ −A ≡ĤĀ −Ĥ A and R scale is the radial position of the tip of the minimal surface that is homologous to region A on the boundary. ∆M ADM is the vacuum subtracted ADM mass. The expression is very elegant as it is valid in any dimension. The above expression is not only valid perturbatively but holds also for excited states that can not be expressed as infinitesimal deformations of the vacuum. In the non perturbative case, R denotes the radial position of the point of ignorance -tip of the geodesic -with respect to the global vacuum.
A similar expression is used in [12] as a change of area in the weak field limit for certain identification of the manifolds and interpreted as the amount of entanglement entropy reduced by bulk excitation from its surrounding. In our interpretation, it quantifies the modular energy contribution of the bulk excitation to the entanglement wedge that contains it. The presence of bulk excitation in the entanglement wedge is the source of the differences between modular energies of complementary regions in the underlying theory.
For the perturbations around AdS d+1 , one can relate the boundary modular energy with the bulk modular integral as explained above. However, this is only possible for pure state deformations around the vacuum as it is explicitly using the relation ∆S A = ∆SĀ for pure states. Detailed explanation about this can be found in Section 4. On the other hand one can come up with a mathematically similar, yet physically quite different expression when the underlying state is thermal, or in general, a mixed state. In a mixed state, one can not constrain the change of entanglement entropy of the complementary regions via their equality. This allows a net change in the total energy of the system [13] when the perturbation is of thermal nature, which we have detailed in section 3 starting from a conical defect exercise. Using the first law of entanglement entropy and freedom to increase total energy of the system in a mixed state perturbation we end up with the following expression for mixed states when the local bulk excitation is confined into the sphere of ignorance
where δS
is the bulk entropy that corresponds to 1/N corrections to the entanglement entropy in the CFT [14] . We distinguish vacuum subtracted quantities when the state is perturbation around the vacuum |ψ = |0 + |φ , by lowercase (δ). This entropy resides inside the d − 1-sphere of radius R. We find it interesting to compare the differences between pure states and thermal states excitations, since these differences are closely related with the volume law [12] and ER-EPR conjectures [15] . It is crucial to realize the two main differences between these two equations. Firstly, while the eq. (1.2) can not take place at the linear level of the perturbation on the underlying state, the later, (1.3) can be derived only through using the first law of entanglement hence at the linear level. In other words in the first case the constraining equation is equality of change of entanglements for complementary states, in the second case the first law of entanglement entropy, i.e. equality of change of modular energy and entanglement entropy for each state. Therefore these two results have different physical principles behind them. Secondly the quantities involved in the relation, that is change of modular energy, ∆HĀ −A vs change in the entropy δSĀ −A . In the first case the bulk excitation does not possess any entropy in the form of entanglement with the purifying auxiliary system. The mixed state deformations of the vacuum at the linear level is particularly important since this is the only case where we can directly show that the entropy inside the sphere of ignorance is equal to the difference of change in the entanglement entropies of the underlying theory, δS bulk = δSĀ −A . Equality holds when all the excitation is localized inside this sphere.
Finally and most importantly, we will extend the result for thermal states to non perturbative level where differences are defined with respect to vacuum. In this case one can not use the first law of entanglement entropy, which was used in (1.3) to obtain the equality. In the generalization, we have expressed (1.3) in terms of the differences of relative entropies of the complementary states. For a rotational invariant state imposing the positivity together with the monotonicity of relative one can come up with inequality version of equation (1.3). The differences of modular hamiltonians can be expressed in terms of the bulk quantities. This is the direct analog of the first equation (1.2). We have observed that difference of the change in the entanglement entropies of the complementary regions is bounded by the associated bulk modular energy, which was defined also through (1.2). The expression is interesting as it is strikingly reminiscent of the Bekenstein bound [1] in the bulk.
The radius R is interpreted on AdS d+1 . It is the radius of the ignorance sphere defined with respect to the boundary region A. We argue that for spherically symmetric state the entropy that resides inside the sphere of ignorance is bounded by the entropic differences of the complementary boundary balls S
We will read this expression backwards-in a sense-by asking what the information theoretic extensions of the observables of underlying theory to the bulk physics. It will be explained why the differences in entanglement entropies of the complements in the underlying state manifest itself as the Bekenstein bound in the bulk. Boundary perspective that is presented throughout the paper have some overlapping content presented in [16] [17] yet the bulk interpretation is completely novel according to our knowledge.
A simple first law
We would like to start with a simple explicit example for the gravitational counterpart of the first law of entanglement. We will shed light onto interesting set of constraints for the first law entanglement entropy. Let us consider simple case of AdS 3 which will be sufficient for our purposes.
First law of entanglement entropy holds for any state since the relative entropy vanishes at the linear level perturbatively. To see this, consider a reference state ρ 0 and an arbitrary state ρ 1 . One can construct a family of interpolating density matrices
where λ can be positive or negative, yet the relative entropy S(ρ(λ)|ρ 0 ) is positive for either sign of λ by the positivity of relative entropy. Hence first derivative of the relative entropy with respect to λ vanishes. This is the first law of entanglement since relative entropy can always be expressed as,
where ∆ Ĥ A = tr(ρ(λ)Ĥ A ) − tr(ρ 0ĤA ) and ∆S A = −tr(ρ(λ) log ρ(λ)) − tr(ρ 0 log ρ 0 ). In the leading order of λ relative entropy exactly vanishes, which is known as the first law of entanglement entropy,
where we denoted the linear perturbation by lowercase delta (δ). However, there are only few cases where the local expression forĤ A is known explicitly [18] . One such case is the ball shaped region in the vacuum state of a CFT in any dimension. In this case modular hamiltonian has a local expression in terms of the local stress energy tensor of the CFT.Ĥ
where ζ µ is the conformal Killing vector that leaves the causal diamond of the ball shaped region invariant. This is an exact operator expression obtained by the conformal transformation from the half of the Minkowski space via employing the invariance of vacuum under global conformal transformations. We will give a straightforward yet illuminating application of this local expression of the modular hamiltonian.
Consider a 2d CFT on R×S 1 with a classical gravitational dual. Suppose the vacuum is perturbed to a nearby pure state, |ψ = |0 + |φ , such that the perturbed state has uniform expectation value for energy density i.e. δ T 00 = µ. Let us consider a ball shaped region on the spatial slice i.e. a constant time slice of the CFT. For an interval on the boundary, explicit expression for the change of modular energy is given by,
where θ 0 is the center of the region in the boundary, α is the half of the total angular size of the boundary ball and r is the radius of the S 1 . δE CFT is the change in the energy of the state, which is equal to the change in the total energy of spacetime, given by 2πrµ. The combination, rδE CFT is the dimensionless factor that we should expect to identify in the gravitational dual.
The modular hamiltonian side of the calculation does not refer to the gravitational dual. We simply use the local expression for the modular hamiltonian on the CFT which is exact thanks to conformal symmetry. One can check the first law explicitly via holography, by identifying the geometric description of the state in the gravitational description. We have considered the perturbation to be a pure state with a uniform asymptotic energy density. The latter ensures the bulk solution to be a spherically symmetric one. One possible geometric description of the state is the conical defect. Conical defect geometries are 3d solutions of Einstein equation with a Dirac delta type source distribution. Although the expression for the change of modular energy is valid between any state and vacuum, the first law only holds for small perturbations around vacuum. Therefore we would like to look at change of entanglement entropy in the presence of a conical defect with small deficit angle which serves as the perturbation parameter.
The metric of the conical defect is given by,
where 0< γ <1 and related to the deficit angle as δθ = 2π(1 − γ). The minimal surface that is homologous to a boundary region A measures the entanglement entropy of the subsystem that resides on A on the dual CFT.
corresponds to the UV cutoff in the underlying theory, and serves as a IR cutoff in the bulk that regularizes the infinite area of the boundary sphere in AdS. Although this expression is infinite in the limit that sends the cutoff to zero, the change of entanglement with respect to vacuum is finite once the cutoff is fixed. Looking at the change of entanglement entropy or any other quantity defined on different manifolds requires a comparison scheme. One such physical scheme is to keep number of degrees of freedom fixed since it is the characteristic of the theory describing these two states. From the spatial point of view, fixing degrees of freedom is to keep the ratio of the size of the system to the cutoff fixed.
which in the small deficit limit, δθ/2π 1, perturbatively becomes,
since the change of ADM energy is δM ADM = δθ/8πG N . Thus identification of LδM ADM ≡ rδE CFT completes the demonstration of the first law. However, in the next section, we will have a closer look at this so-called first law. As we will see, what seems like a first law is, in fact, not a first law from the information theoretic point of view. It does not concern the linear level of the parameter that connects density matrices of the underlying theory.
Puzzles about the first law
In the previous section we have explicitly demonstrated, the first law of entanglement entropy through a gravitational calculation where excited state is considered to be a conical defect. We have matched the change of modular energy on the CFT to change of area of the minimal surface in the bulk due to appearance of a defect. Although it looks like we have computed different quantities in different theories, the RT conjecture maps them. A more careful look into what we have done will reveal a greater understanding. Initially, we consider AdS 3 solution with a boundary S 1 × R. Usually when one is restricted to a subspace on the boundary, there is no need to specify the change on the state having support on the complementary region to study the first law. Yet considering the subspace with its complement puts strong constraints on the δ T µν . Remember that we considered a uniform perturbation on the vacuum, δT 00 (θ) = µ which is identified with conical defect solutions that has Dirac delta type sources in Einstein equation [19] . These solutions can be arbitrarily close to AdS 3 as it is possible to choose δθ/2π
1. Hence one can consider the bulk dual of the perturbation on the vacuum as a conical defect solution. Of course, this is just one particular solution with the given boundary energy density, one may come up with different semiclassical gravitational descriptions having same energy density. For example the perturbation could also be due to thermal fluctuations around vacuum in which case dual would be thermal AdS 3 . We will study the thermal perturbations later on in this paper. First we will focus to the conical defect. It is crucial that, as explained under eq. (2.7), to be able match the change in modular energy to δS(α) = S(α) con. − S(α) AdS 3 one needs to rescale the IR cut-off for the conical defect solution. This corresponds to keeping number of degrees of freedom fixed by fixing the proportions of UV cut-offs to the size of the systems where the underlying theory lives. To be explicit, if one considers the conical defect geometry as a angular cut, then one should rescale the UV cut-off on the boundary such that 2πr/ U V is fixed. This is one such beauty of AdS/CFT that it provides an unambiguous way to compare observables on nearby solutions.
The question we would like to raise is if there exists a first law on each boundary interval as a result of conical defect type excitations. Before answering this question, let us consider a perturbation on the vacuum, which changes the state into another pure state that is infinitesimally close
We didn't specify how the energy density of the perturbation is organized spatially.
Suppose that, such a change in the state causes a localized linear perturbation δ T µν . If the perturbation is completely localized inside of a spherical region A in the CFT then change in the modular Hamiltonian of the complementĀ vanishes. The first law ensures that the change of entanglement entropy also vanishes, δSĀ = 0. As you will realize, we end up with a contradiction. Because the perturbed state was also assumed to be a pure state. In that case we would expect δS A = δSĀ, yet by the first law of entanglement, δS A = 0. This would also violate the positivity of relative entropy, because δ H A = δS A = δSĀ > 0, yet δ HĀ = 0, which implies, δ HĀ − δSĀ < 0. What is the resolution of this apparent paradox [20] ? Indeed we have made a false assumption, by considering pure state perturbation localized only in a region at the linear level of the perturbation theory of the underlying state. One needs to put equal amount of energy to the complement in a pure state. This fact can be demonstrated simply through a field theory argument. Let us start by constructing the following operator,
This operator, known as full modular hamiltonian, generates conformal transformations that keeps the spherical region fixed, hence annihilates the global vacuum state. The simplest way to understand why this operator annihilates the global vacuum is to consider the half space in QFT, where modular hamiltonian is the generator of rotation in the euclidean plane. Then the combination H = H A − HĀ generates a boost on the whole state, which leaves the vacuum invariant
Now if the state changes according to (3.1), then
The above equality indicates that whenever one creates some some localized wave packets inside a region, to stay in a pure state, some energy density needs to be introduced outside. It is the purity of the state that enforces such constraint. Let us further study what kind of constraints we have on the perturbation of the expectation value of stress energy tensor. Assume that constant time slice has the topology of S d−1 with radius r. The modular Hamiltonian for (d − 2) dimensional spherical entangling surfaces surrounding a cap of the S d−1 specified by the angle α is given by,
This expression is the generalization of what we have used for CFT 2 . Now we can obtain HĀ by sending the origin of the spherical cap, S d−1 to π and α to π − α. Then the full modular Hamiltonian
becomes,
For a pure state, by the first law of entanglement entropy, δ H A − δ HĀ = 0 at the linear level. Using this equality one can put constraints to the possible δ T 00 for pure state perturbations. To see this explicitly, multiply δ HĀ −A by tan α and take the derivative w.r.t to α. The second term is eliminated and we have an example of such constraint which is dΩ d−1 cos θ δ T 00 = 0. Then using this one, we show easily, dΩ d−1 δ T 00 = 0. These are not the only constraints because the first one is obtained by placing the origin of the cap on the z axis. The full modular hamiltonian vanishes at the linear level independent of the choice of origin for boundary balls. It is true for all possible balls. Therefore one obtains the following set of constraints [13] 
dΩ d−1 is the volume form on S d−1 andω is the unit vector parametrizing the points on S d−1 . Note that second constraint is generalization of dΩ d−1 cos θ δ T 00 = 0 in which case one focuses on the z-component ofω. The first constraint resolves our initial confusion. One can not introduce local excitations on some regions without balancing them with negative energy contributions. Another interesting distribution that is violating the second constraint is Dirac delta sources unless equal amount of positive and negative charges introduced at the same point, which is very constraining. It would be interesting to see examples of distributions satisfying these constraints, yet we leave it for future studies. We are now ready to further puzzle ourselves with the first law in the presence of a conical defect.
If we now go back to our initial construction, where we consider the conical defect solution with a small deficit as the bulk dual of a homogeneous perturbation of the boundary theory around the vacuum. The change of area of the minimal surfaces due to conical defect was equal to δ H(α) for each boundary region. When δ T 00 is uniform then conical defect is at the center. Their fusion yields us the generalization of the first(?) law to arbitrary surfaces which we present in a different paper. At this point we need to reexamine this first law in the light of the puzzles we had uncovered.
First of all, as we have derived above, the first law of entanglement for any pure state perturbation puts some constraints on the total energy of the perturbed state such that it vanishes (3.7). On the other hand, we expect the conical defect geometry to represent a pure state in the underlying theory, yet clearly its energy does not vanish. Therefore it violates the constraints above. Furthermore, assuming that for each boundary region, A, there is a first law, then we would expect that the state onĀ, also satisfies the first law. However through the Wald formalism, it is clear that when perturbation is sourced by stress tensor then the first law is modified by contribution from stress energy of the perturbation, this will be further explained in the following sections. Hence one does not have a first law for the complementĀ whose entanglement wedge includes the defect. In this case, one has δHĀ − δSĀ ∼ δ, where δ quantifies the deficit angle. Therefore either the perturbed state is not pure or this is not the first law of entanglement entropy. We know that the perturbed state is pure, since it is obtained from the vacuum by adding a localized non thermal mass. Let us be more careful about the order of perturbation. The first law takes place at the linear order in , where fields perturbed according to
. However the perturbation of the vacuum, by a classical mass distribution takes place in second order as T µν is quadratic in fields. Indeed, what we have called as first law was taking place between the second order and first order. Let us look at it in more detail.
From this point on, we will replace our notation for the variation with ∆ to denote that difference is beyond the linear order. The perturbation of the solution by addition of classical matter, as explained above, takes place at the second order in perturbation theory. If the perturbed state is a pure state, |ψ = |0 + |φ + O( 2 ), then the full modular Hamiltonian at this level does not vanish. Remember that the vanishing of that at the linear level yields us the constraints on the change of δ T 00 , which does not exist beyond linear level.
Therefore we are not restricted to the constraints in (3.7) at this level. Remember that the first law of entanglement entropy is derived from the relative entropy at the linear level (2.1). Next to leading order, due to positivity of the relative entropy, one has,
The interesting point is that, when the perturbation is due to some localized mass distribution outside of the entanglement wedge A one has ∆H A = ∆S A at the leading order of perturbation by δg µν . That was what we observed when the perturbation was due to conical defect. On the other hand, for the complement of the region A, whose size is more than half space, α > π/2, ∆H A ≥ ∆S A and the difference is proportional to T bulk 00
of the localized source.
Thermal perturbation
In this part, we would like to point out the differences when the perturbation is a mixed state. Although Einstein equations are agnostic whether the source is thermal or pure, in the microscopic description these two cases are substantially different. For example, in the presence of a BH, when the subsystem size reaches a critical value, the difference, SĀ − S A saturates the Araki-Lieb bound namely, SĀ − S A = S A∪Ā due to homology constraint. In general for a mixed state, one expects separation of the minimal surfaces of a subsystem and its complement which are same in a pure state. Hence the more thermal the system is greater the ignorance becomes. In the thermal case, the amount of information (better to say amount of uncertainty) of the complementary regions of a quantum state does not match due to thermal entropy. Therefore it is not possible to extend the constraints of the previous section to the thermal cases. Let us look at the simple illustration of this fact for a thermal state perturbation on the vacuum,
Here we consider the low tempreture expansion of a thermal state. The CFT side of the story had been studied in [17, 21] . The knowledge that the state is thermal itself is not enough to determine the ontological character of the entropy, as it can be seen as either being entanglement or thermal entropy [22] . Surely it is thermal entropy but at the same time one can consider it as the entanglement entropy with its purification 2 . Therefore we will not distinguish these two cases, but when we refer the concept as entanglement entropy, it is the entanglement with respect to the purification, not between the complementary regions of the underlying theory. In other words, we do not refer to the entanglement between subsystem of the mixed state which is very difficult to quantify for an arbitrary mixed state.
It is a well known fact that entanglement entropy of a system and of its complement do not match for a thermal state. This is also true for the change of entanglement in the leading order. Hence there is no such constraints eq. (3.7) when the perturbation is a mixed state, which can be shown through non vanishing of full modular hamiltonian. In this case, expectation value of the full modular hamiltonian around the vacuum up to first order does not vanish anymore.
the differences of modular hamiltonians for complementary regions become,
where H A−Ā ≡ H A −HĀ, each of which acts trivially outside its domain. Since HĀ −A does not annihilate excited states, there is no equality between δ H A and δ HĀ . Although this relation is simply reflecting the fact that entanglement entropies of complementary regions in a mixed state are different, the first law always satisfied at the linear order, without having any further constraint.
Perturbation theory at the non linear level
To see the origin of the difference between modular hamiltonian and entanglement entropy, let us study the first law via covariant phase space formulation. We will not give the review of the formulation here rather we will use the fundamental theorem of the formalism which ties the linearized equation of motion in the bulk to change of surface charges. The change of surface charges around the vacuum associated to Rindler horizon generating vector fields match with the information theoretic quantities in the microscopic theory. This identification has been used to derive linearized equation in the bulk through the first law of entanglement entropy in CFT [23] . The fundamental theorem of covariant phase space approach states that,
Φ stands for the whole field content of the theory including gravitational fields. ω is presymplectic potential and a is d dimensional volume form. E ab is the equation motion derived from full lagrangian including gravitational part.
The equation above is valid when the equations of motion satisfied for the unperturbed state. χ ξ is a (d − 1) form, whose integral on the boundary region homologous to a minimal surface, yields the change of modular energy and the integral on the minimal surface itself gives the change of the area when the perturbation is considered around the vacuum.
where Σ denotes the d dimensional timelike hypersurface bounded by minimal surface and infinity. Although the theorem is valid for any solution and the perturbations around it. The correspondence between integral of χ ξ and the information theoretic quantities in the underlying theory is constructed around the vacuum. When ξ is a Killing field, the presymplectic potential vanishes identically, as L ξ g = 0.
The derivation of linearized Einstein equations via the first law of entanglement entropy can be demonstrated simply by the fundamental theorem of the covariant phase space approach, where vanishing of ∆H A − ∆S A implies the vanishing of ξ a δE ab b . When the relation is satisfied for every boundary ball, it can be turned into a local equality that is equivalent to linearized Einstein equations. However in our case, we have shown explicitly that the first law of entanglement entropy does not hold. Therefore the difference between modular hamiltonian and entanglement entropy is equal to the linearized equation of motion sourced by the bulk matter stress tensor. If one only considers the gravitational part of the field content, any addition of matter stress can be included at the level of linearized equation as the right hand side of the equality. Hence, the linearized equations are not source free for the perturbed state, which is the bulk point of view on the mismatch between modular energy and entanglement entropy. We should emphasize that we are not deriving linearized Einstein equation with classical source around the vacuum. The derivation of linearized Einstein equation with source had been proposed in [24] . However the source term T µν in that derivation was semiclassical by nature hence it can appear as the leading term in the perturbation theory around the vacuum, which corresponds to quantum (1/N ) corrections on the CFT. Here we assume that the geometry is perturbed by a classical stress energy tensor which appears at the quadratic order in the perturbation theory. Yet one can study the backreaction of the gravitational field on the matter fields through linearized Einstein equations as we will do. It does not seem possible to us that one can derive linearized Einstein equation with a classical source around the vacuum via a perturbation theory on the microscopic state since the source term and gravitational part appear at different orders. To summarize, the difference between the modular Hamiltonian and the entanglement entropy (relative entropy) is equal to modular integral of the bulk stress energy. The exact expression can be obtained simply by inserting the source term for linearized Einstein equation.
which has a simple expression for spherically symmetric configurations, in which case one can evaluate it without detailed knowledge of the energy distribution in the bulk. This will be the way we extend the notion of bulk modular energy to excited states beyond perturbation theory. The equation (4.3) is obtained by Stokes theorem. In general, variation on the holographic entanglement entropy can originate from two different sources. It can either come as the variation of the minimal surface or variation of the metric field on the surface. To stay in the domain of validity of the Stokes theorem the variation of the entanglement entropy with the minimal surface should vanish. This is the case for linear perturbations since entropy functional (area) is extremized on the same surface. Hence the perturbation theory should be truncated beyond this order. In the first order, entanglement entropy on the CFT gets contributions only from the expectation value of the boundary stress tensor. At the second order, all the one point functions start to contribute. Let us have a look at how the metric behaves near the boundary in the Fefferman-Graham expansion where the geometry near the boundary can be expanded in the following way,
when the asymptotic boundary is flat g µν = η µν + δg µν . In this expansion one can determine the behavior of the scalar fields near the boundary in terms of the one point functions on the CFT, φ ∼ γz ∆ O +... when fed back to Einstein equation with a scalar field, the boundary expansion of the metric is altered in the following way,
where ∆ is the dimension of the operator O. Let us consider a case where both operators contribute at the same energy scale µ on the boundary theory, then contribution of each term to the entanglement entropy becomes O ∼ µ ∆ and T ∼ µ
2∆ from the one point functions at the quadratic order. Let us emphasize that the leading order contribution to the entanglement entropy from scalar operators comes at the quadratic level. In this case when the dimension of the operator satisfies
its contribution becomes the dominant one. In our case, we demand the stress energy contribution to be dominant and truncate the perturbation theory at the quadratic order of the stress energy contribution. In this case, the dimension of the scalar operator can take values between
Since the perturbation parameter is chosen to be the combination (µr) we have control on the entire bulk without restricting ourselves to near boundary regions. This is the weak field limit in the AdS. In the example of the conical defect this corresponds to small angle deficit limit δθ 1. In the weak field limit one can decode the matter stress distribution in the entire bulk via the relative entropy on the underlying theory. Mathematically this corresponds to inverse Radon transform. This is the weak field version of the near boundary tomography presented in [25] .
Appearance of Radial Scale
In this part we will demonstrate an interesting observation on the contribution of conical defect to the relative entropy. As it is explained in the previous subsection the presence of a localized source increases the relative entropy only in the entanglement wedge that contains it. This is in agreement with the idea of entanglement wedge reconstruction, where one can reconstruct the bulk regions corresponding to the entanglement wedges of those regions. The entanglement wedge reconstruction idea has been studied mostly in cases that exclude backreaction on the geometry [26] , although some speculations are made for the case involving backreaction, [27] . In general, entanglement wedge reconstruction considers the construction of the bulk fields around a classical background using the boundary CFT. Here, we provide further evidence that the conjecture should be valid even when backreaction is considered. The conical defect solution is again a suitable framework where we can explicitly find what the increase is, in the relative entropy due to presence of the defect. Interestingly the contribution of the conical defect can be expressed in terms of the ADM energy of the defect and radius of the region that includes defect or by the radius of the region that can not be probed by the boundary interval that excludes the defect. We have calculated in (2.9) the change of modular energy for the boundary interval A whose size α < π/2 in the presence of a small defect. One can easily deduce the corresponding expression for the complementary boundary interval where α > π/2.
The conical defect perturbation deforms the vacuum into a nearby pure state hence change of the entanglement entropies for the complementary regions should be equal. This allows us to calculate relative entropy for the boundary regionĀ directly through the differences of the changes of modular energies of the complementary regions. For a perturbative pure state excitation that is excluded by one of the complementary regions, the first equality below always hold and the second equality is what we have obtained in the case of a conical defect.
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where M con is the vacuum subtracted energy of the conical defect. R is the radius of the sphere that, observers having access to region A on the boundary, is blind to. In other words R is the scale in the bulk beyond which, one can not extract any information by having access to the boundary region A, (Figure:1) . Since the perturbed state is homogeneous or translational invariant, all the regions with same size on the boundary have the same information content which can be denoted by a scale on the boundary. Interestingly there is a one to one map between the scale on the boundary and the radius of the bulk sphere. Boundary observers having access to subsystems of size 2α has no information regarding the sphere of radius R = L cot α, where L is the curvature radius of AdS. This expression is remarkable in the sense that it yields the information theoretic content of the bulk excitations in a non-local way in terms of the bulk quantities. A similar expression is used in, [12] to motivate the information theoretic effect of introducing matter onto spacetime. This effect appears as a reduction of entanglement entropy once it is postulated that surface area is the measure for entanglement entropy of the quantum state describing spacetime. In the next section we will give the derivation of the radial scale R in higher dimensional generalization of conical defects where excited state can be considered as a perturbation over the vacuum.
Higher Dimensional Generalizations for Perturbative Excitations
In this section we will extend the connection between relative entropy and the bulk modular energy to higher dimensions for spherically symmetric perturbative excitations.
We will show how the bulk radial scale enter into the calculation which will later be used for the derivation of the Bekenstein bound in the bulk. d + 1 AdS can be represented by the hyperboloid,
embedded in d + 2 dimensional flat space. Equation (4.8) can be solved by setting,
i=1 Ω i = 1 and spans the trigonometric functions of θ, φ i where i runs in {1...d− 2}. The solution (χ ≥ 0, 0 ≤ τ ≤ 2π) covers the entire hyperboloid hence yields the global description of AdS d+1 , whose metric becomes,
We would like to compactify the solution such that boundary resides at a finite value of the radial direction. The casual structure of AdS d+1 can be studied by the following coordinate transformation,
the metric becomes,
In this coordinate 4.3 system boundary is located at ρ = π/2. Size of the S d−2 boundary ball, A is determined by the coordinate variable θ. The Killing field that generates the Rindler horizon in the global coordinates is given by,
ξ a vanishes on the minimal surface that is homologous to the boundary ball A and it has unit surface gravity. α is the size of the boundary ball. Let us turn back to the problem of generalizing out observation on the conical defect to higher dimensions. Consider a spherically symmetric perturbative excitation in the AdS d+1 . Stress energy distribution characterizing this excitation depends only on the radial coordinate T bulk ab ≡ T bulk ab (ρ) which corresponds to a uniform (spherically symmetric) energy density on the boundary. Let us pick the constant time slice to study the relative entropy around the vacuum whose geometric dual is given by the solution (4.11). Suppose there is no excitation in the casual wedge of the boundary region A i.e. all of the bulk excitation confined inside the complementĀ. In this case the difference of the change of modular energies equal to the relative entropy of the complement and can be expressed as the modular integral of the bulk stress energy.
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Note that the expression is given in terms of curvature radius of the AdS d+1 as a necessity of dimensionless nature of relative entropy. The appearance of curvature scale plays an important role in the identification with the radial coordinates in the bulk. In the expression above ρ 0 represents the deepest point that can be probed via the boundary region A. Observers that have access to the smaller boundary can not decode the bulk beyond this point, hence it denotes a sphere of ignorance. Let us look at the physical interpretation of the factor cot α from the bulk point of view. The equation of the minimal surface that are homologous to (d − 2) spheres on the boundary is given by, sin ρ cos(θ − θ 0 ) = cos α (4.14)
θ 0 denotes the center of the boundary ball in θ. The deepest point that the surface reach has the angular coordinate θ = θ 0 . The radial coordinate of the point of ignorance becomes, sin ρ = cos α. Let us represent the the radius of the the sphere of ignorance using the spherical coordinates. The radial coordinate sits in front of the angular directions in spherical coordinates as R 2 dΩ 2 . In the global AdS this corresponds to tan ρ. Using the expression for the location of the tip in terms of α, we infer that radius of the sphere that observers having access to region A can not access becomes,
Therefore we have derived that in the perturbative regime the modular energy of spherically symmetric excitation can be seen as a non local contribution that depends on the size of the system. A similar result is used in [12] to motivate the idea that matter reduces the entanglement entropy of the spacetime in a way that is proportional to the radial scale of the hypothetical box that contains the excitation. Our result also indicate that it should be possible to construct modular modular hamiltonian for a spherical region in the bulk. To sum up we have obtained the following expression for the modular energy contribution of the bulk excitation to the entanglement wedge that includes the excitation,
where bulk modular energy contribution to the entanglement wedge is defined as ∆E bulk ≡ ∆ HĀ − H A . In the next section we will derive this relation completely through underlying theory and we will put some emphasis on the differences between pure and thermal state excitations.
Bekenstein bound and AdS/CFT
The Bekenstein bound, [1, 28] is a limit on the entropy that can be contained in a physical system or object with a given size and total energy. The heuristic yet deep derivation of the bound employes the black hole thermodynamics together with generalized second law (GSL). Generalized second law is the extension of the the second law of thermodynamics to the systems involving black holes. The law states that the environment and black hole system together evolves in such a way that total entropy of the combined system does not decrease. Bekenstein derived the bound mainly employing this principle.
Let us have a look at the following gedanken experiment. A composite system of radius R with total energy E and entropy S box , falls into a Schwarzschild black hole black hole of mass, M where M E/c 2 , such that temperature of the black hole stays same in the process. Suppose the system is dropped from a large distance, such that before it becomes part of the black hole, equal amount of entropy is radiated by the black hole. Hence at the end of the process black hole mass stays the same and therefore black hole entropy does not change. Given the process is reversible, the radiation entropy becomes E/T BH .
3 Thus the overall change in the entropy of the universe becomes,
One can choose the Schwarzschild radius larger than then the size of the box R, such that system will fall into black hole without being torn apart, i.e. the relation between size of the box and Schwarzschild radius is controlled by an O(1) parameter λ, R BH ∼ λR. Since GSL implies ∆S universe ≥ 0, one puts a bound on the total entropy that can be contained in the box.
What happens to the bound when the number of species in the system increase was a long standing puzzle. One alternative and more elaborate derivation of the bound has been given in [3] which yields some understanding on how bound preserves its validity when the number of species is increased. The quantum information theoretic derivation of the bound is based on the positivity of relative entropy and has been derived for ball shaped regions in the CFT for the excitations around the vacuum density matrix and for QFT s around the density matrix corresponding the to thermal state in the Rindler space. The derivation is given for few cases where local expression for the modular Hamiltonian is known. Since the manifestation of the bulk version of the Bekenstein bound in the underlying theory employing similar elements, let us briefly reproduce derivation of the bound in QFT through positivity of relative entropy. The derivation of the bound using the modular Hamiltonian of the ball shaped region in the CFT is more illuminating as it yields a natural definition for the system of size R. Let us consider this system as the ball shaped region itself. The positivity of relative entropy implies, S(ρ|ρ vac. ) ≥ 0 =⇒ ∆S box ≤ ∆ H where ∆ represents the vacuum subtracted quantities. Inserting the local expression for modular Hamiltonian in general dimensions,
For spherically symmetric distributions one can take the integral and turn the local integral over the energy density into a total energy relation. For example for a localized source at the center one obtains ∆S box ≤ πR ∆E and for a uniform energy distribution ∆S box ≤ πR ∆E/(d + 2), both of which satisfies the bound up to an order one factor. In the original derivation of the bound, gravity plays a central role, yet the expression is independent of G N . On the other hand, the derivation of the bound based on the positivity of relative entropy is completely quantum mechanical hence explains why the bound is independent of G N . Although Bekenstein bound is independent of G N it exists for gravitational system even when the self gravitation is strong. Saturation of the bound for black holes is a nice example of this situation. In this case size of the box becomes Schwarzschild radius, which is the radial coordinate rather than the geodesic distance.
Since the information theoretic derivation of the bound exploits vacuum subtracted quantities, size of the box becomes ambiguous when system has back-reaction on the geometry. One needs to find a reference manifold with respect to which, the size of the box is defined. As we will show size of the system is fixed with respect to the AdS d+1 in the formulation of Bekenstein bound in the bulk.
Thermal state excitations
In the derivation of the expression (4.16), we used explicitly that the excited state is a pure state, in which the change of entanglement entropies of the complementary regions are equal. The purity of the excited state is used to relate the ∆ HĀ − H A to the bulk modular integral of the stress energy tensor. To be explicit we employed the equality of ∆SĀ and ∆ H A through their relation to ∆S A . In the case of a thermal state, the change of entanglement entropies would not be equal anymore. Therefore, we could not derive the same expression when the excitation is a mixed state (3.10). In that case, bulk excitation would carry information that can not be deduced from the underlying state without access to auxiliary purification. On the other hand, in the macroscopic description of the so-called first law, we have only specified change in the expectation value of the boundary stress tensor ∆ T µν together with the knowledge of the purity of the perturbed state. The change in the expectation value of the boundary stress energy alone, does not specify the microscopic nature of the perturbation. Pure and mixed state perturbations are quite different although they may yield equal amount of change in the energy of the system. One important difference in their nature, as we have explained in section 3: a pure state perturbation with a non vanishing net energy increase can not take place at the linear level while that for a thermal state can. This is a very restrictive statement which implies that linearized Einstein equations with a classical source can not take place at the linear level from the point of microscopic theory, which as we have explained, took place at non linear level and source should be considered as the back-reaction of geometry on the stress energy tensor. This is expected, since bulk stress energy tensor vanishes for the perturbations at the linear level around the vacuum. However when the perturbation is a mixed state then there is no such constraint on the change of total energy of the system. To sum up when one only specifies the change of boundary stress tensor, one does not know the information theoretic content of the perturbation. A mixed state perturbation and a pure state one only differs in terms of their entanglement entropic content.
Thermal states at the linear level
Before observing the manifestation of the Bekenstein bound in the microscopic theory as the monotonicity of relative entropy on the CFT, let us study thermal states that are perturbations around the vacuum ρ = ρ 0 + δρ to see how different the observable δSĀ −A ≡ δSĀ − δS A behaves, which was vanishing for any pure state excitation.
In the case of a pure state, the change of entanglement for some region and its complement is equal, ∆S A = ∆SĀ. Conical defect perturbation was an example of this case, where the defect was included only in one of the entanglement wedges, yet the information content of the complement is the same. We interpret this as by arguing that defect does not carry entropy in itself with respect to the underlying state containing it. If the perturbation is in the form of a thermal state, then one would expect totally different behavior. Note that we were also not allowed by the constraints, (3.7), to study the first law of entanglement for pure states which has δE = 0, which is not the case for thermal states. This is simply because the perturbation carries entropy in the form of entanglement with its purification. Let us consider a mixed state perturbation at the linear order. It satisfies the first law of entanglement entropy, both for the boundary region A and its complementĀ. Using the first law of entanglement, we can find the difference δSĀ −δS A which is considered as a measure of information associated to the entanglement wedge ofĀ, that can not be retrieved from A.
The change of entanglement entropy of the underlying state can be decomposed into two contributions. The area contribution and entanglement entropy of quantum fields in the bulk which emerges as quantum corrections to the underlying state. As we have explained in great detail in section 3, linearized perturbations on the underlying state can only change the total energy of the state if they are of thermal nature.
where Σ A denotes the entanglement wedge of A. The contribution from bulk fields can be expressed as a local integral expression in the linear level [29] .
when all the contribution is confined into the sphere of ignorance one can equate the bulk entanglement contribution of this region to the difference of change of modular energies. Because in this case even the perturbation is of thermal nature, the change of areas would be equal due to extremal character of the surfaces. Hence,
the bulk entanglement entropy resides in the sphere of ignorance is defined as
we obtain the entropic version of the (4.15). where R = L cot α and α is the angular radius of the boundary region A. This is the maximum entropy that can be contained in the spherical region around the origin with radius, R for a system with energy M ADM . It shows us that, the difference between entanglement entropies of complementary regions in a thermal perturbative excitation at the linear level is equal to saturation of Bekenstein bound for a system with energy M ADM and size R. Indeed this is the region that the observer who has control on system A is blind to. Any deviation from thermal nature (mixture of thermal state and pure state as an ensemble), decreases the δSĀ −A as it is zero in pure state. Note that the expression diverges in the limit α → 0. In this case regionĀ covers the whole boundary. How could we make sense of this expression, in this limit? There are two scales in the problem: that of α and β, the inverse temperature of the system. Although (5.7) does not contain β explicitly, it is absorbed into δE CFT (5.11), which should be read in terms of the energy of lowest excited state weighted with the Boltzman constant and the degeneracy of the state δE CFT = i g i E i e −βE i . This expression is sensitive to the order of limits and to make sense of it, one should consider the limit β → ∞ before α → π [21] . Although, order of limits can let us make sense of the expression in α → 0 limit, it is still an open question, at least to the author, how can we make sense of expression as an operator expression, since same expression can also be used to evaluate ∆ HĀ for non perturbative excited states.
Bekenstein Bound in the Bulk
Until now we have carried out a perturbative analysis using covariant phase space formulation. We computed the ∆ HĀ −A and δSĀ −A as an integral of the bulk stress energy tensor using the fundamental theorem of the covariant phase space formalism. To emphasize again this is only valid when the geometric dual of the excited state can be seen as perturbation of the metric field around the AdS. In this section, we will show that one can go beyond perturbation theory solely using CFT modular Hamiltonian. Although the difference ∆ HĀ − H A can be obtained only referring to the boundary quantities for non perturbative excitation, it has the similar bulk interpretations. Again the quantities involved in the expressions have different nature for pure and mixed states.
The modular Hamiltonian for a ball shaped region for the vacuum of the CFT is an operator expression (3.5). Hence it has no restriction on the state that the operator is evaluated. Until now we have used this expression for the states that are close to the vacuum, in that case there exists a dual bulk expression for the relative entropy when one of the entanglement wedges excludes any excitation in the bulk.
Let us consider an excited state |Ψ which is orthogonal to the vacuum Ψ|0 = 0. One can study change in the modular energies by taking the expectation value of the stress energy around |Ψ . Considering the differences of the changes for complementary regions we obtain,
where ∆ T 00 ≡ T 00 Ψ − T 00 0 . For a pure state ∆ HĀ −A = S(ρĀ|ρ 0Ā ) − S(ρ A |ρ 0 A ). In this case one can not associate any entropy to the bulk excitation in the form of entanglement. Let us evaluate (5.9) for homogenous excitation where energy density of the state is given as =
, in this case bulk dual of the state becomes spherically symmetric.
The expression is the higher dimensional non-pertubative generalization of the one that is obtained in (4.7) for conical defects. The expression is remarkable as it is valid in any dimension yet it is more interesting when one understand it in terms of the bulk quantities. Let us elaborate the identification with the bulk in more detail. We choose the cylindrical description R × S d−1 of AdS d+1 . The metric of the AdS d+1 is given in (4.11). Although one can fit the geometry on a finite piece of paper, the actual radius of the boundary sphere becomes infinite. However this is an overall conformal factor that can be removed such that volume of the boundary sphere becomes finite. Hence flow of time in the bulk and boundary descriptions are different as it is measured by the lapse function N (= √ g tt ) in the ADM description. In the global coordinates N → R/L asymptotically. 4 The energy of the state in the CFT is proportional to the mass of the dual gravitational solution,
where r is the curvature radius of S d−1 while L is the curvature of the AdS. Equality above also ensures a dimensionless identification in the information theoretic observables. If one identifies these two scales then energies of the theories are naturally identified. This identification is necessary to recognize the radial scale of the deepest point that can be probed by the state of A (Vol(Ā) ≥ Vol(A)) in CFT. Remember that the deepest point in the bulk that can be reached via the boundary region A was given in (4.15) . Inserting these we see that the change in the full modular hamiltonian in the complementary regions becomes,
This is entirely a bulk expression due to the natural identification between modular energies of the CFT and the gravitational dual. Once again, just like the perturbative case (4.13), we have observed that for spherically symmetric excitation, the difference in the entanglement energies of the complementary states of the underlying theory have an expression in terms of bulk quantities. It has been emphasized along the paper that when excitation is pure state, the change of entanglement for complementary regions are equal ∆SĀ −A = 0. In this case one can not associate extra new correlation in the form of entanglement to the bulk excitation for scales less then the radial probing point of the boundary observes having access to A. In the language of bit threads [30] no additional thread (additional in the sense that comes by the excitation on top of the vacuum tread configuration) ends up in the bulk. Purity of the state constrains the amount of information that is missing beyond the scale R. On the other hand for a thermal state ∆SĀ −A = 0. Let us focus to spherically symmetric thermal excitations again. For non-perturbative excitations we do not have the localized expression of the bulk stress tensor anywhere in the bulk which was possible for states that are dual to geometries that can be expressed as perturbations of the metric around the AdS. Positivity of relative entropy dictates that,
Since, excitation is not perturbation around the vacuum, one can not equate the right hand side of the first equation to the modular integral of bulk stress energy. Possibly it is not even in the form of local expression. However assuming spherically symmetry for excited state one can understand the implications for the bulk physics in the non perturbative level. As a consequence of spherical symmetry one can translate the region A such thatĀ ⊇ A without altering ∆S A or ∆ Ĥ A . Following rotations, Further impose the monotonicity of the relative entropy,
We have already calculated right hand side using the boundary expressions of the modular hamiltonian.
The inequality is universal in the sense that it is independent of the details of the excitation, and how it is organized spatially in the gravitational theory apart from its spherical symmetry. Remember that we have encountered necessity of spherical symmetry in the derivation of the Bekenstein bound using positivity of relative entropy (5.3) also in the QFT [3] . One can deviate from spherical symmetry by considering O (1) deformations of the bound. Using the symmetry we argue that the entropy contained in the sphere of ignorance is bounded by the difference of vacuum subtracted entropies of the complementary regions on the boundary.
Remember that ∆SĀ −A ≡ ∆SĀ − ∆S A . The bound becomes and equality in the perturbative limit as shown in eq. (5.7). The symmetry of the system actually reduces the effective dimensions to one and allows us to represent entanglement entropy using the two scales of the system, namely energy and size of the box. In this one effective spatial dimensional information space, the difference between entanglement entopies of the complementary regions in the microscopic system, is bounded by the Bekenstein bound for a system with radius R and energy M in the bulk, which is indeed the region that is excluded by any observation on scale(A). If all the energy was contained in the radius r bulk < R scale and organized to in a way to saturate the Bekenstein bound, then |∆SĀ −A | = 2πR scale ∆M ADM . The inequality also holds perturbatively, at the linear order as we have shown. In the transition from a pure state to a thermal state, |δSĀ − δS A | is interpolates between 0 and 2πR scale ∆M ADM . Whenever some of the thermal energy is replaced by an equal amount of energy corresponding to a pure state, the difference between entanglement entropies decreases.
On the other hand, we should be careful usingĤ A on thermal states when the bulk dual is a black hole solution. In this case one observes a phase transitions 5 in the entanglement entropy along the continuous increment of the system size. These phase transitions are formulated as homology constraints for the minimal surfaces in the bulk [31] . Therefore the local expression ofĤ A is not valid for regions bigger than the critical size θ critical beyond which phase transitions take place as formulated in homology constraints. The point where phase transition took place manifest itself as a sudden jump on the minimal surface. This is also the point where Araki-Lieb bound is saturated. In the next section we will study the relation between Araki-Lieb bound and the one we have derived via monotonicity of relative entropy.
Comparison with Araki-Lieb bound
The bound we have derived in (5.15) using the monotonicity and positivity of relative entropy for certain class of excitations has the same quantity with Araki-Lieb bound on the left hand side of the inequality. It is an interesting exercise to study these 5 Phase transitions on the modular hamiltonian takes place also for the disjoint intervals depending on the distance of separation. Another example is the entanglement entropy in the conical defect geometry when it is seen as the entanglement entropy of the disjoint intervals in the parent theory. In both of these cases, the phase transition on entanglement entropy is due to a jump in the saddle point and mutual information between disjoint intervals is a probe of different phases.
two inequalities together and see whether the bound derived here is trivial when it is compared to Araki-Lieb bound.
The notion of entanglement entropy we had been referring along the paper is von Neumann entropy, which quantifies the extent to which the state represented by ρ fails to be a pure state. The reason that von Neumann entropy serves as entanglement entropy is that when the state ρ is obtained from a pure state by tracing over part of the Hilbert space representing a subsystem, such as the one that can not be accessed by the observer, then von Neumann entropy measures the entanglement entropy between subsystem that is traced out and the rest. Suppose the Hilbert space of the full system H f ull factorizes into Hilbert space of two subsystems, H f ull = H A ⊗HĀ. Then for each subsystem we have corresponding density matrices defined by tracing over the complementary subsystem ρ A,Ā = TrĀ ,A (ρ full ). The entanglement entropies that are associated to each density matrix can be shown to satisfy following inequalities [32] ,
The first part of the triangle inequality is usually referred as Araki-Lieb bound, while the second is known as subadditivity. The Araki-Lieb bound is derived from subadditivity. We have also derived an inequality that is similar to the first part of the triangle inequality. We have observed that the difference of entanglement entropies of the complementary subsystems follows the Bekenstein bound given in terms of the bulk quantities. Our bound becomes non trivial compared to Araki-Lieb bound when 2πM R ≤ S(ρ full ). This happens when system sizes on the CFT approach each other. In this limit, Bekenstein bound takes over the Araki-Lieb. Let us compare these two bounds by considering d dimensional CFT at finite temperature and having geometric dual as AdS-Schwarzschild black hole. The metric for (d + 1)-dimensional static solution for asymptotically AdS spacetimes is given by,
. On this state Araki-Lieb bound can be expressed in terms of the black hole entropy.
where ∆S A−Ā = |∆S(ρ A ) − ∆S(ρĀ)| and r + is the largest solution to the equation,
We considered vacuum subtracted quantities on the right hand side. Since the vacuum entanglement entropies of the complementary states are equal, this subtraction does not change the difference. Since the solution is spherically symmetric we can use it to set Bekenstein bound. Let us calculate the mass of the solution in terms of the r + . The calculation had been carried first by Hawking-Page [33] in d = 3 and later generalized to arbitrary dimensions by Witten [34] . The key point is the connection between action and the partition function I = − log Z. Energy of the excitation can be calculated by change of the action with respect to inverse temperature E = ∂ β I. The action is calculated on shell, since on-shell configuration is the dominant contribution in path integral. On shell integral of the action for the regions outside of the horizon amounts to the volume of the spacetime.
To calculate vacuum subtracted energy, one should calculate this integral for the AdSSchwarzschild for region r + ≤ r ≤ r ∞ and subtract the vacuum contribution by considering the same integral on AdS d+1 for 0 ≤ r ≤ r ∞ .
Explicit calculation yields,
which correctly reproduces the vacuum subtracted energy of the BTZ black hole d = 2 (M AdS 3 = −1/8G N ). Let us now use this expression to compare the two bounds and find the limit where Araki-Lieb takes over the modular energy bound.
Therefore when the condition above holds, Bekenstein bound sets a lower bound then the Araki-Lieb. For large black holes i.e. r + /L 1, the bound puts a more restrictive condition then Araki-Lieb when cot α ≤ The metric of Euclidean thermal AdS solution is identical to empty Euclidean AdS apart from periodicity of time direction t E ∼ t E + β. The difference with Euclidean Schwarzschild is that time circle in this solution does not cap off around the origin, in other words while space (r, t E ) is topologically a disc for BH solution, it is topologically equivalent to a cylinder in thermal AdS. Hence β is not fixed by any regularity condition and becomes a free parameter in this solution. The solution is represented as empty AdS therefore holographic entanglement entropy at the leading order is identical to vacuum entanglement entropy. One can calculate the entropy of the solution via the on-shell action calculated on R d+1 × S as it has been studied for thermal states at the linear level. Boundary computation provides all orders to the perturbative excitation. Hence a valid interpretation of the Bekenstein bound on the entropy attributed to sphere of ignorance takes place below the Hawking-Page transition. This is in agreement with general understanding on the fact that Bekenstein bound is applicable to system having weak self gravitation.
To sum up when condition (5.24) is satisfied the Bekenstein bound proposed in this paper sets a lower bound then the Araki-Lieb bound. One can satisfy this condition in both sides of the critical temperature. When the temperature is above the critical temperature, black hole solutions are dominant in the phase space. In this case, the space of parameters that satisfy (5.24), have R scale that falls into the black hole, R scale < L < r + . On the other regime, below the Hawking-Phase transition, the parameter space satisfy the condition when r + ≤ R scale . In this case one can confine all the excitation inside the bulk sphere S R . We think thermal AdS regime is more natural for Bekenstein bound interpretation in the bulk since one can push all thermal gas inside the sphere S R . Our understanding also agrees with the general idea that bound is valid for weakly self gravitating systems.
Conclusion and Discussion
In this paper we have identified the full modular Hamiltonian from the bulk point of view. We have studied analogous quantity in the entanglement entropy and shown that it has distinct character for pure and mixed state excitation. In section 2 we show that purity of the state puts strict constraints on the allowed expectation value of the boundary stress energy tensor on the excited state. The bulk interpretation of the full modular Hamiltonian for certain class of excitation have a remarkably simple expression independent of the dimension of the spacetime. The connection between the bulk expression of the full modular hamiltonian (2πM R) and the change of area in a certain identification of the manifolds had been used to modify gravity at long distance scales [12] . In that proposal, this expression was the key component in the gravitational side where underlying state follows the area law. Here we have identified the expression as the full modular hamiltonian in the underlying theory. The main conclusions of this paper can be listed in the following way.
• Bekenstein bound in the bulk: Using positivity together with the monotonicity of relative entropy, we have shown that the change of entanglement entropy for complementary states in spherically symmetric excitations are bounded by 2πM R scale . The expression is valid perturbatively as well as non perturbatively.
In the perturbative regime, full modular hamiltonian can be expressed in the bulk as the integral of the local bulk stress energy tensor using covariant phase space approach. In this case it is clear that bound is saturated if all the excitation is hidden behind the sphere of ignorance defined with respect to the boundary region A. We have proposed that difference of the change of the entanglement entropies of complementary regions (SĀ − S A ) in the boundary theory sets a bound for the entanglement entropy resides in the sphere of ignorance. This entanglement should be seen as the entanglement with respect to the purifying state, which would be zero for pure state excitation, which trivially satisfy the Bekenstein bound proposed here. In conclusion, the Bekenstein bound in the bulk manifest itself as the positivity together with the monotonicity of the relative entropy in the boundary CFT.
• An example of UV-IR correspondence: Bulk interpretation of the full modular Hamiltonian reflects the well known UV-IR correspondence [35] . This should be understood as follows; consider the change of full modular Hamiltonian, ∆ H full (α) in the boundary CFT as a function of the size of the boundary interval A, where α ∈ [0, π/2]. In the boundary theory α → 0 limit identifies the short distance behaviour. On the other hand, as we have seen in the bulk the quantity amounts to 2πM R scale , where R scale denotes the deepest point the bulk that can be probed from the boundary state A. The limit α → 0 corresponds to R scale → ∞ from the bulk point of view which yields one realization of the UV-IR correspondence in the AdS/CFT.
• Black hole vs thermal gas limits: Comparing with the Araki-Lieb bound we have seen that, Bekenstein bound sets a lower bound when the complementary regions are close to each other. In the case of large black holes, when the Bekenstein limit sets the lower bound with respect to Araki-Lieb, the sphere of ignorance to which we have associated the entropy (SĀ − S A ) corresponds to the regions inside the black hole. In that case holographic bound is already satisfied due to the formation of the black hole. Hence holographic bound sets even a lower bound than the Bekenstein one in these cases. On the other hand, in the thermal gas limit, ( r + /L < 1), below the Hawking-Page transition, one can come up with a window, where Bekenstein bound becomes non-trivial with respect to Araki-Lieb and yet holographic bound is not saturated. This corresponds to limit where self gravitation of the excitation is weak, hence in agreement with the expectations that bound can be derived within the context of QFTs. On the other hand our derivation includes the backreaction on the geometry. We have also shown that in the weak field limit the full modular hamiltonian have well defined bulk expression which further justifies the proposals made in this paper.
• Boundary to bulk map and proof of the proposal: We find it useful to emphasize that we have not provided the full proof of the derivation of the Bekenstein bound in the bulk via AdS/CFT. The relation between entropy associated to the bulk spheres ∆S bulk S R and boundary entropy difference ≤ ∆SĀ −A is conjectured for a spherically symmetric state (5.16). We have proved this conjecture in the perturbative limit. Under such an assumption we show that Bekenstein bound in the bulk manifest itself as the information inequalities (positivity + monotonicity) in the underlying theory. It would be remarkable to find the exact map between entropy of the bulk regions and boundary regions to drop the assumption of spherical symmetry. That would also let us test the volume law conjecture in spacetime.
